The elastic constants of a nematic liquid and of a solid crystal were derived by comparing the Gibbs free energy with the elastic energy. The expressions for the elastic constants of the nematic and the solid crystal are isomorphic: k oc | D | /1. In the nematic phase | D | and I are the mean field energy and the molecular length. In the solid crystal, | D | and I correspond to the curvature of the potential and to the lattice constant, respectively. The measured nematic elastic constants show the predicted I dependence.
Introduction
The symmetry of a crystal determines the number of non-vanishing elastic constants. In a nematic liquid crystal which is a uniaxial crystal, we find five elastic constants but only three describe bulk properties 2 . Here we calculate the magnitude of these three elastic constants by determining the elastic energy density in two different ways. On the one hand the elastic energy density can be expressed by the elastic constants and the curvature of the optical axis. On the other hand we determine the change of the Gibbs free energy of the deformed state. By comparing these two energy expressions the elastic constants are determined.
Mean Field Theory
The phase transition can be described with the Gibbs free energy:
Gs = Gi + AIJ -T AS+ pV (1)
Gi is the free energy with an isotropic distribution of the direction of the molecules. AU = U^ -U\ is the increase of the internal energy and AS = S$ -Si the change of the entropy between the nematic and the isotropic phase. T, p and V are the temperature in °K, the pressure and the volume, respectively.
(AFi is the change of the volume at the nematic to isotropic phase transition temperature, which will be neglected in the further discussion.) AU and AS are normally very complicated expressions, but if the interaction energy of one molecule with all others can be described with a mean field, then the problem becomes much easier.
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The mean field of the nematic phase was first derived by Maier and Saupe 3 :
0 is the angle between the length axis of one molecule and the direction of the preferred axis (optical axis). P2 is the second Legendre polynomial and P2 is one order parameter given by the distribution function f{0):
p2 = Tf (@) Po sin e d e/tf (&) sin e d 0 . o o
Vn is the mole volume and A is a coefficient which determines the field of the second Legendre polynomial.
The changes of the internal energy AU and the entropy AS are 4 :
with Z = const / e~D ,kT sin 0 d 0. 0 The free energy is now:
The order parameter of the nematic phase is deter- If A is independent of the temperature then the order parameter P2 is for a reduced temperature (T/Tm)(Vn/Vn{Tm)) 2 a universal curve 5 .
Elastic Constants a) Nematic Liquid Crystal
The change of Gibbs free energy which is produced by a small deformation, can be expressed with a deformation angle a similar to the descrip- 
If we assume that, owing to the rapid decay of the van der Waals interaction, we have only a nearest or next nearest neighbor interaction, the small deformation approximation will remain valid.
The change of the Gibbs free energy caused by a deformation can now be expressed as:
+ ... 
kn, k22 and k33 are the splay, twist and bend elastic constants respectively ( Figure 2) . A comparison of Eqs. (6) and (7) leads to the elastic constants :
Fig. 2. The main deformations in a nematic liquid crystal.
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The volume integrals over the forms which are connected to (k22 + k2i) and can be transformed into surface integrals and therefore these terms do not contribute to the Euler-Lagrange differential equations 1 . Now we will solve for kn , k22 and k3S .
For a pure bend deformation, we get the following relation:
For a pure splay and twist deformation in a planar configuration 1 , we get:
The elastic constants are proportional to the packing The measured value of k33 is approximately 1.2-10~6 dyne 6 -7 .
Another approach can be made if we introduce a unit cell which describes the short range order structure. Then we get for the mole volume
In this formula m describes the number of molecules per unit cell and x and z are appropriate average distances in the x, y (= x) and z direction. If we assume that only the nearest neighbor interaction is important, then with Eqs. (8) and (9) we are able to find two sets of equations.
First we eliminate the mole volume Vn so that we obtain an equation which de Gennes 8 derived from dimensional analysis
These equations can be very helpful for estimating the absolute value of the elastic constants from molecular properties, as we will show later. But the temperature dependence of the elastic constants can be better discussed if only (z/x) occur in the formula because then the effect of thermal expansion at a constant symmetry is eliminated. In this case we derive from Eqs. (8) and (9) a reduced elastic constant which first was introduced by Saupe 6 .
= J' 22 = z !x 733 = ( x ! z ) 2 • This reduced elastic constant, Cn, is independent of the temperature if there are no abnormal changes in long range order (A = const) and if there are no structural changes in short range order (m = const and "/a = const). The curvature elastic constants kn of a nematic liquid crystal are therefore proportional to the square of the order parameter and inversely proportional to the mole volume with the power 7/3.
If we are far enough away from the nematic to isotropic as well as the nematic to smectic phase transitions, only small changes in short range order structure may be expected; therefore Cn should be independent of temperature. Near phase transitions where rearrangements of short range order can occur, we expect a temperature dependence in Cn. For 4,4'-di(methoxy)-azoxybenzene (PAA) the elastic constants as well as the reduced elasticconstants are shown in Fig. 3 as a function of TEMPERATURE °C temperature 7 . As we see, the reduced elastic constants are independent of the temperature far away from the nematic to isotropic phase transition, as expected.
Near the nematic to isotropic phase transition, C33 shows a large temperature dependence, whereas Cn and Coo are almost temperature independent. This strong temperature dependence of C33 can be explained because structural changes in short range order are more strongly weighted in C33 than in Cn and C22 [see Equation (11)]. The predicted temperature dependence of C33 is in accordance with experiment, but on the other hand Cn and C22 should increase with increasing temperature. However, experiments show only a small temperature dependence of Cn which is actually opposite to be aforementioned description. Another explanation of the strong temperature dependence of C33 near the nematic to isotropic phase transition is the fluctuation of the order parameter P2 . Such fluctuations give rise to some uncertainty in the preferred direction. Therefore we can expect that those elastic constants which have a connection to the preferred direction should show an abnormal temperature dependence near the nematic to isotropic phase transition. Equation (7) shows that from the main elastic constants only the bend elastic constant kS3 is connected to the preferred 2-direction. Therefore only k33 should have an abnormal temperature dependence as it was observed in experiment.
The pretransitional effects of the elastic constants near the smectic phase are not included in this calculation. Theory 9 ' 10 and experiment were described elsewhere 11 ~1 4 .
The elastic constants can also be described by the nematic mean field D and the dimensions of the unit cell as we see from Equation (10) . The average value of the nematic mean field at the nematic to isotropic phase transition is given by the mean field theory [see Eq. (3 c)]. The splay and twist elastic constants depend only on the ^-direction of the unit cell which we assume to be proportional to the molecular length. On the other hand the abnormal temperature dependence of kn and &22 near the nematic to isotropic phase transition is small so that the extrapolated value kn(Tyi) of the experimental data can be compared with the theoretical value. Figure 4 shows the extrapolated elastic constant kn (7Vi) for several different nematic molecules. The length of the molecules was determined from a molecular model. We see that the elastic constant can be rather well described by the inverse of the molecular length. But if we take the order parameter •P2(7yi) which the Maier-Saupe theory 3 predicts ^2(^Ni)=-44 then the predicted elastic constants are in general too large as we can see in Figure 4 . This is not surprising because the order parameter ^2(^x1) predicted by the Maier-Saupe theory is too large compared with measured ones. The enlarged Maier-Saupe theory (Humphries-James-Luckhurst theory) 15 never predicts a universal order parameter for all nematics as the Maier-Saupe theory 3 . Therefore we should have measurements of the order parameter in order to compare theory and experimental values of the elastic constants. But since not enough order parameter measurements are available we make the best fit for P2(^NI) t0 elastic constant data, which then gives .38. This value is close to the value which Humphries et al. 15 found for several compounds.
In Fig. 4 there are still deviations of the elastic constants from the straight line which we will discuss in more detail. For the n = 1 and 2 homolog of the alkyloxyazoxybenzenes (M) the degree of order of n = 2 homolog is about 10% higher than for the n = 1 homolog 5 . This means that the n = 2 homolog fits the theory much better as shown in Figure 4 . For MBBA (•) Jen et al. 16 found an extrapolated value for P2{TNI) of about .32, so that this nematic compound also fits the theory quite well. McMillan's mean field theory 17 for the smectic A phase leads to an enlarged order parameter if the nematic temperature range becomes small enough. Therefore heptyloxyazobenzene (O) with its relatively small nematic temperature range also fits theory better than Fig. 4 illustrates. Figure 4 shows that the measured elastic constants versus molecular length fit quite well the Maier-Saupe theory if the degree of order is known or can be estimated. Now we have the possibility to predict quite well the elastic properties for a nematic molecule where the phase diagramm is known.
However, we have to be careful if the molecules are very long, because we based our calculation on the mean field approximation. For very long molecules the Onsager theory which includes the steric hindrance can describe the nematic phase better than the mean field approximation 18 . For example, for PAA the mean field approximation is quite a good approximation since the measured Grüneisen constant is about 3.7 19 . For pure van der Waals interaction (mean field) we expect a Grüneisen constant of 2 and for hard core interaction (Onsager) infinity 19 .
Solid Crystal
The elastic constants of a solid crystal can be derived with the lattice theory 20 which is similar to the mean field approximation in a nematic liquid crystal. In this chapter, we will show the isomorphism in the elastic constants between a solid and a nematic liquid crystal. 
A comparison between Eqs. (13) and (14) gives the elastic constant, c:
This expression for the elastic constant c is isomorphic with the expression for the elastic constants of a nematic liquid crystal [Equation (8) 
